In this note we show that there exist wavelet frames that have nice dual wavelet frames, but for which the canonical dual frame does not consist of wavelets, i.e., cannot be generated by the translates and dilates of a single function.
INTRODUCTION
We start by recalling some notations and definitions. Let H be a Hilbert space. A set of elements {h k } k∈Z in H is said to be a frame (see [5] ) in H if there exist two positive constants A and B such that
where A and B are called the lower frame bound and upper frame bound, respectively. In particular, when A = B = 1, we say that {h k } k∈Z is a (normalized) tight frame in H. The frame operator S : H → H, which is associated with a frame {h k } k∈Z , is defined to be
It is evident that {h k } k∈Z is a frame in H with lower frame bound A and upper frame bound B if and only if S is well defined and AI S BI, where I denotes the identity operator on H.
Let {h k } k∈Z be a frame in H. If { h k } k∈Z is another frame in H such that 
In the literature, {S −1 h k } k∈Z is called the canonical dual frame of the frame {h k } k∈Z and (1.4) is the canonical representation of any element f in H using the frame {h k } k∈Z in H.
Typically, for a given frame {h k } k∈Z in H, there exist many dual frames other than its canonical dual frame. However, the canonical dual frame {S −1 h k } k∈Z enjoys the following optimal property (see [5] ): For any element f ∈ H,
In other words, the representation in (1.4) using the canonical dual frame has the smallest 2 norm of the frame coefficients to represent a given element in H. Generally speaking, frames with certain structures, such as frames of translates, Gabor frames and wavelet frames, are very important in both theory and application. The interested reader can consult [2, 3, 5] and references therein on the theory of frames. In the following, let us look at several important families of frames and their canonical dual frames.
A frame of translates is obtained from several functions in L 2 (R) by integer shifts. That is, {ψ (· − k) : k ∈ Z, = 1, . . . , r} is a frame in the Hilbert space H defined as the closed linear span of ψ (· − k), k ∈ Z, = 1, . . . , r. Then it is well known that its canonical dual frame is given by
. . , r}; like the original frame, it is generated by the integer shifts of r functions since
A Gabor frame is generated from several functions in L 2 (R) by modulates and integer shifts. In other words, a Gabor frame is a frame in L 2 (R) given by the set {e 
A wavelet frame is generated from several functions in L 2 (R) by dilates and integer shifts. We say that {ψ 
In view of our observations for frames of translates and for Gabor frames, a natural question is then whether the canonical dual frame of a wavelet frame still has the wavelet structure. This question was negatively answered in Daubechies [2] and Chui and Shi [1] . For any 0 < ε < 1, define
Then it was demonstrated in [1, 2] that ψ generates a wavelet frame, but that its canonical dual frame cannot be generated by a single function. Moreover, it was also demonstrated in [2] that even when ψ belongs to the Schwartz class, S −1 ψ does not belong to L p for sufficiently small p − 1 > 0. In fact, as shown in [1] ,
This example demonstrates that the canonical dual frame of a wavelet frame may not preserve the "good qualities" of a wavelet system, such as the dilationshift structure, good smoothness and compact support. In this particular case, the ψ j,k (j, k ∈ Z) constitute not only a frame but also a Riesz basis, (i.e., j,k∈Z c j,k ψ j,k = 0 together with j,k∈Z |c j,k | 2 < ∞ implies c j,k = 0 for all j, k ∈ Z), which implies that the dual frame is unique. There does not, therefore, exist a function ψ such that ψ and ψ generate a pair of dual wavelet frames. It is not clear for which wavelet frames the canonical dual frame consists of wavelets as well. In the example above, there were no dual wavelet frames at all. This makes one wonder whether the existence of dual wavelet frames for a given wavelet frame would be sufficient to force the canonical dual frame to consist likewise of wavelets. Even though this question has not been stated explicitly in the literature to our knowledge, it certainly is implicit in [3] . We show here that canonical dual frames of wavelet frames can still be "bad" even if there exist dual wavelet frames. More precisely, we have the following Note that a construction for r = r 0 automatically gives a construction for any other positive integer r > r 0 by taking ψ = 0 for r 0 + 1 r. The structure of this note is as follows. In Section 2, we handle the case r = 2 without any computation. In Section 3, we shall give an example of ψ ∈ L 2 (R) such that ψ ∈ C ∞ is compactly supported and ψ generates a wavelet frame in L 2 (R), but such that its canonical dual frame cannot be generated by a single function using dilates and integer shifts; yet we demonstrate for this example that there exist infinitely many functions ψ such that ψ and ψ generate a pair of dual wavelet frames in L 2 (R). In Section 4, we illustrate a similar result for wavelet frames with compact support.
Our explicit constructions have the added property that the wavelets can be derived from a multiresolution hierarchy, as is desirable in applications. They therefore settle another implicit question: it is not because a wavelet frame is derived from a refinable function that its canonical dual frame consists of wavelets as well. For more detail on this, see Section 3. We believe that these examples show that one should not attach too much weight to the "optimality" property of the canonical dual frame.
THE CANONICAL DUAL FRAME OF A WAVELET FRAME
In this section, we discuss the canonical dual frame of a wavelet frame in general. Then we establish the claim made in Main Theorem 1.1 in Section 1 for the case r = 2.
Define the dilation and shift operators on L 2 (R) (see [8] ) as follows:
Assume that {ψ 1 , . . . , ψ r } generates a wavelet frame in L 2 (R). Let S denote its frame operator defined as follows:
It is easy to observe that
of the wavelet frame generated by {ψ 1 , . . . , ψ r } as follows:
where d denotes the additive group generated by d.
When {ψ 1 , . . . , ψ r } generates a wavelet frame in L 2 (R), then the set {ψ J,k : = 1, . . . , r and k = 0, . . . , 2 J − 1} also generates the same wavelet frame for any 
Moreover, when {ψ 1 , . . . , ψ r } generates a wavelet frame which is a Riesz basis, (a)-(c) are also equivalent to
Proof. It is obvious that (a) ⇐⇒ (b). Note that (b) is equivalent to
In particular, taking j = −J in the above equation, we have
Therefore, (2.3) holds and (b) ⇐⇒ (c). When{ψ 1 , . . . , ψ r } generates a wavelet frame which is also a Riesz basis, it is evident that (a) =⇒ (d). To prove the converse, define η ,j,k as the orthogonal projection of ψ j,k onto the space which is the closed linear span of {ψ j ,k :
. . , r} generates its canonical dual frame.
Let's see how Proposition 2.1 explains the example (1.6) of Daubechies [2] and Chui and Shi [1] . Let ψ and η be as in (1.6). Let W denote the closed linear span of η 0,2k , k ∈ Z. Note that η(
Hence, (d) in Proposition 2.1 fails for J = 0 and therefore, the canonical dual frame of {ψ j,k : j, k ∈ Z} cannot be generated by a single function.
In general, it is difficult to compute P ({ψ 1 , . . . , ψ r }) because computing the space W and the inverse operator S −1 involves inverting an infinite matrix. The situation would be much simpler if, as happens automatically in the case of Gabor frames and frames of translates, we require that S commute with both dilates and integer shifts in the whole space L 2 (R). In order to state our result, let us introduce the definition of Fourier transform as follows: 
and for all x ∈ R; (c) There exists a positive constant C such that
By the assumption in (a), from the above equation, we have SE
Since the set {2 j kx 0 : j, k ∈ Z} is dense in R and S is a bounded operator, we have SE x = E x S for all x ∈ R. Therefore, (a) ⇐⇒ (b). Now we deduce that (b) implies (c). Since S is a bounded linear operator in L 2 (R) and S commutes with all translates, there exists a bounded measurable function m (see [7] ) such that
By
Let us now rewrite the frame operator S using the Fourier transform. Since the frame operator S plays a very important role in this paper, let's discuss it in full detail. Following [6] , we denote 00 (R), we have
−j kξ dξ
By the Parseval equality, we have
As in the proof of [6, Lemma 2.3], we denote 
Hence, when
00 (R), we have h ∈ L 1 (R). Therefore, we can rearrange the order of terms in the sum in the expression for Sf , g to get
It follows that for any f ∈ L 2 00 (R),
with the series converging absolutely. If (c) holds, then we have
it is easy to see that (2.4) holds with
Therefore, (b) holds. The equivalence between (c) and (d) is a standard result in the literature, for example, see [6, 8] . In fact, the equivalence relation between (c) and (d) can be easily proved using (2.6) and [6 
a.e. ξ ∈ R.
Lemma 2.4. Let U denote the set of functions ψ such that ψ generates a normalized tight wavelet frame in L 2 (R). Then the linear span of U is dense in L 2 (R).
Proof. It suffices to prove that f ⊥ U implies f ≡ 0. For any fixed ξ 0 > 0 such that ξ 0 ∈ {2 j π, πj : j ∈ Z}, we shall demonstrate that f vanishes in a neighborhood of both ξ 0 and −ξ 0 by constructing an appropriate function ψ ∈ U . Let δ = dist(ξ 0 , πZ), where dist(A, B) := inf{|x − y| : x ∈ A, y ∈ B}. By the assumption, we have δ > 0. Since 0
we have K ∩ (K + 2πk) = ∅ for all k ∈ Z\{0}. Hence, k∈Z χ K (ξ + 2πk) 1. By Lemma 2.3, ψ generates a tight wavelet frame and therefore, ψ ∈ U .
Since f ⊥ U and
Since K ∩(K +2πk) = ∅ for all k ∈ Z\{0}, we deduce that f (ξ) = 0 a.e. ξ ∈ K which completes the proof. Proof. Let U denote the set of functions ψ that generate a tight wavelet frame in L 2 (R). For any ψ 2 ∈ U , we denote by S 1 and S the frame operators associated with the wavelet frames generated by ψ 1 and {ψ 1 , ψ 2 }, respectively. Then
Thus, S is independent of the choice of ψ 2 in U . Now we prove the claim by contradiction. Suppose there exists a positive integer J such that 0 < P ({ψ
By the definition of the period P ({ψ 1 , ψ 2 }) of a wavelet frame, we have
By Lemma 2.4, the linear span of U is dense in L 2 (R). Therefore,
by Proposition 2.2 this implies that ψ 1 should satisfy condition (c) in that Proposition, which is a contradiction.
Let U 0 be a subset of U in Lemma 2.4 such that all the elements in U 0 have some desirable properties such as having compact support, belonging to C α (R) for some large number α > 0, and/or having certain order of vanishing moments, etc.. As long as the linear span of U 0 is dense in L 2 (R), by the same argument as in the proof of Theorem 2.5, all the claims in Theorem 2.5 hold (therefore, all the claims in Main Theorem 1.1 hold for the case r = 2) with the functions ψ 1 , ψ 2 and ψ 1 having the same desirable properties as the elements in U 0 have.
CANONICAL DUAL FRAMES WITHOUT THE WAVELET STRUCTURE
In this section, we shall present examples that settle the claim in Main Theorem 1.1 for r = 1. More precisely, we shall construct a function ψ such that ψ ∈ C ∞ is compactly supported and ψ generates a wavelet frame in L 2 (R), and such that its canonical dual frame cannot be generated by a single function, even though there are infinitely many functions ψ such that ψ and ψ generate a pair of dual wavelet frames in L 2 (R).
Before presenting the result, we prove a few lemmas that will be needed later on. For a measurable set K, |K| denotes its Lebesgue measure.
. Let S denote its frame operator defined in (2.1) (Note that we do not assume here that ψ generates a wavelet frame). Then S is a bounded linear operator on L 2 (R) and for any f ∈ L 2 (R),
with the series converging absolutely, where
Proof. Since ψ = χ K and K is a compact subset of R\{0}, it is evident that
Therefore, the identity (2.6) holds for all f ∈ L 2 00 (R). By the assumption on K, we have
Thus (2.6) reduces to (3.1).
We now show that S is a bounded operator and (3.1) holds for all f ∈ L 2 (R). We are now ready for our construction: . Define
. Then ψ and ψ generate a pair of dual wavelet frames in L 2 (R). Moreover, P ({ψ}) = 1 and consequently, the canonical dual frame of the wavelet frame {ψ j,k : j, k ∈ Z} cannot be generated by a single function. 
Observe that supp ψ ∩ (supp ψ + 2πk) = ∅ for all k ∈ Z\{0} since δ 2 < π/2. Thus,
It follows from [6, Theorem 2.7] that ψ and ψ generate a pair of dual wavelet frames. Let S be the frame operator associated with ψ. Note that K satisfies the conditions in Lemma 3.
where
Suppose that P ({ψ}) = 1. Then we must have
Multiplying both sides of the above equation with e −ikξ , we deduce that
Subtracting (3.3) from the above equation, we have
The above equation is thus equivalent to 
Hence, for each fixed ξ, the summation in (3.4) is a finite sum with at most C nonzero terms. By Lemma 3.2, we conclude that
Equivalently,
We now demonstrate that supp f ⊆ (−δ 0 , δ 0 ). From (3.5), it suffices to show that
It is easy to verify that
Therefore,
Therefore, f (ξ) = 0 for all |ξ| δ 0 . On the other hand, it follows from (3.3) and (3.4) that
(3.6)
However, for any ξ ∈ (δ 1 , 2δ 2 ) which is a subset of (δ 0 , +∞), we have f (ξ) = f (ξ + 2π2 j ) = f (ξ−2π2 j ) = 0 for all j 0. This fact implies that for any ξ ∈ (δ 1 , 2δ 2 ), the right side of (3.6) is 0 while the left side of (3.6) is ψ(ξ) = 1. Thus, we obtain a contradiction and therefore, P ({ψ}) = 1.
The above proof tells us that for our construction P ({ψ}) must be an even integer. By choosing arbitrarily large J, a similar argument yields that the corresponding P ({ψ}) must be either 0 or very large (In fact, P ({ψ}) will tend to ∞ as J → ∞). It is not clear to us whether for a wavelet frame generated by {ψ 1 , . . . , ψ r } we must always have P ({ψ 1 , . . . , ψ r }) = 0 or P ({ψ 1 , . . . , ψ r }) = 2 J for some J. Note that P ({ψ 1 , . . . , ψ r }) = 2 J , with J 0, means that the canonical dual frame still has the same wavelet structure, since it is generated by translates and dilates of 2 J r functions.
In the following, we demonstrate that the example in Theorem 3.3 is associated with a multiresolution hierarchy. Define three 2π-periodic functions m 0 , m 1 
